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In the Search for Good Neck Cuts
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—— Abstract
We study the problem of finding neck-like features on a surface. Applications include mesh
segmentation and shape analysis. We propose a new definition of a surface bottleneck — informally, a
short cycle that bounds a large area on both sides. Inspired by the isoperimetric inequality, we formally
define such optimal cuts, study their properties, and present a polynomial-time approximation
algorithm under geometric regularity assumptions, together with a practical heuristic that works
well on real meshes. For examples of our algorithms, see https://neckcut.space.
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1 Introduction

Computing “good” cycles on surfaces is a well-studied problem [14, 6, 3, 5, 10, 15, 4, 2],
including shortest geodesic cycles, non-contractible loops, handles, and more. We are
interested in cycles that represent neck-like features on a surface. Identifying neck-like
features on a 3D surface mesh has been a crucial algorithmic problem in applications such as
robotics, mesh segmentation, and more. Neck-like cycles are often employed in intermediate
steps within these applications, but computing them can be both challenging and time-
consuming, as discussed in [35, 25]. Existing methods tend to rely on expensive topological
preprocessing, which may also involve mesh modification, to produce neck-like cycles.
In this work, we consider two problems:

» Problem 1. What is the optimal notion of a neck-like surface, and the cycles to define
these necks?

» Problem 2. How can neck-like cycles be efficiently computed?

We propose a new geometrically motivated definition of a bottleneck curve (or neck-cut),
based on the isoperimetric quantity. We describe a theoretical approximation algorithm
to find near-optimal bottleneck curves, which runs in polynomial time. We also present a
practical algorithm, with this motivating background, to run on real models, which runs
in sub-quadratic time with good results. Our practical algorithm is simple to implement,
relying only on shortest path algorithms and filtering to achieve the results shown, with no
second-pass optimization or curve smoothing required.

1.1 Background and prior work

Necks versus non-contractible loops. Finding neck-like features differs from finding the
shortest non-contractible loops on a surface. As a reminder, a non-contractible loop on a
surface corresponds to a cycle that cannot be homotoped to a point. Naturally, a neck-like
loop might lie on an object that is topologically a ball (as is the case for examples shown in
figures throughout this paper) — for example, on an hourglass, all the loops are contractible,
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In the Search for Good Neck Cuts

yet it has a neck-like feature. In many high-genus objects, these non-contractible loops may
act as neck-like curves. However, there may be other non-contractible loops that do not lie
on a feature boundary, or contractible loops that are on neck-like features, which would not
be considered. Finding non-contractible cycles can be used to reduce the genus of a surface,
by cutting along them as shown in [14].

Sparsest cut (Cheeger’s constant). A natural approach to addressing this problem is to
consider the model as a graph G = (V, FE) and compute the sparsest cut. That is, find a
partition of the vertices of G into two sets S,.5, such that the ratio

- |E(S,5)
s GRED

is minimized. Unfortunately, the associated optimization problem is NP-HARD, and instead
one can use algebraic techniques to approximate it. One can use various heuristics inspired
by this observation to find good cuts. For example, Gotsman [17] noted the connection of
the Cheeger constant to the Laplacian of a surface mesh. Using this, he was able to detect
whether a small cut exists and how to partition the graph based on spectral embedding for
genus-0 models.

However, the above definition of Cheeger’s constant does not require the cut to be
connected. Additionally, transitioning to algebraic methods often results in fuzzy boundaries
that require further refinement. Gotsman’s work approximates the optimal Laplacian basis,
as computing the optimal would take O(|V|?) time.

These techniques yield relatively slow algorithms, and because they do not work with the
geometry directly, the generated cuts are not locally optimal.

Topological Methods. Abdelrahman and Tong [1] computed neck-like features on meshes
by locating critical points in a volumetric mesh and generating cutting planes over the mesh
to isolate these loops. The main tool is identifying points that are 2-saddles of a Morse
function (generated by a distance function), as they are good seed locations for neck-like
features. This work extended Feng and Tong [15], who evaluated the persistent homology of
the mesh to locate neck-like loops.

Abdelrahman and Tong [1] achieve a speedup, compared to [15], by producing an initial
neck loop from the cutting plane, which is smoothed out via shortest loop evaluation. The
loops they generate are of good quality on all genus meshes. The main drawback, however, is
the need for a volumetric tetrahedral mesh, resulting in a substantial increase in vertex and
face density. Other topological approaches, such as the one by Dey et al. [12], often have the
same requirement of a volumetric mesh. Such a volumetric mesh can be substantially larger
than the input 2D surface, and generating it is itself challenging in some cases.

Surface Methods. Hétroy and Attali [22, 19, 20] compute geodesics on the surface and
slide them to generate tight constrictions (neck-like features). Earlier works relied on mesh
simplification to generate seed curves. However, in all cases, these algorithms rely on the
local properties of geodesics to find neck loops.

Specifically, Hétroy [22] approximates the mean curvature of the mesh in all locations
to find seed locations for constrictions. Then, the algorithm performs a local search from
these seed locations until the constrictions are minimized, and smooths and minimizes the
curve. Xin et al. [34] designed a fast algorithm to find shortest, exact geodesics on a model,
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regardless of the quality of the input mesh. However, initial cutting loops must be specified
in the input, as this algorithm does not discover loops from the input model directly.
Tierny et al. [33] use similar methods to our approach. However, when approximating
constrictions, they use the concavity of the curve. This algorithm requires the Discrete
Gaussian Curvature [26] at each point on the curve, which takes O(n?) time to compute.

1.2  Our approach

Our starting point is defining formally what constitutes a good neck cut. Intuitively, it is a
curve that bounds a large area, while being short. In the plane, the largest area one can
capture if the length of the perimeter is fixed is a disk. This innocent-looking observation is
a consequence of the famous isoperimetric inequality. It states that for any region R in the
plane, and any disk < of radius r, we have that

m(R) < m(d)  wr? 1
loR|* ~ Jlod)*  (27r)? dn’

where m(R) denotes the area of R, and ||n|| denotes the length of a curve . We view the
ratio on the left as the isoperimetric ratio of the boundary of R. A good neck-cut would
have a high ratio. A curve on a surface might bound a much larger area relative to its
perimeter, but unlike the plane, we have to consider both sides bounded by the curve. As
such, the tightness of a closed curve on a surface (of genus-zero) is the minimum, among the
two regions it bounds, of the isoperimetric ratio.

Computing tightness. Unfortunately, computing (or even approximating) the tightest cycle
on a surface appears to be hopeless in terms of efficient algorithms. Nevertheless, it provides

us with an easily computable scoring function to compare cycles (i.e., the tighter, the better).

There are cases where the optimal neck-cut is intuitively obvious, see Figure 1. We thus
investigate sufficient conditions under which we can efficiently approximate the optimal
neck-cut. To this end, we first formally define tightness in Section 2.1.

Specifically, for a loop, we look at the ratio between the area it encloses and its length
squared (for a circle in the plane, this ratio is 1/4m, as shown above). Clearly, the bigger
the ratio, the more neck-like the cycle is. We formally define the underlying optimization
problem in Section 2.1.

Well-behaved surfaces, salient points, and discovering necks. We quantify, in Section 2.2,
what it means for a surface to be well-behaved — intuitively, it should have bounded growth
(which all real-world surfaces seem to possess). To discover the neck-cuts, we try to identify

necks — to this end, we study in Section 2.3 salient points that can be used to define necks.

Intuitively, salient points are extremal points of the model (such as the tips of fingers in a
human model). The paths connecting distant salient points (such as the path between the
tip of a finger and the tip of a toe of a human model) can then be used to identify (implicitly)
necks that should contain good cuts.

Approximation algorithm. In Scction 3, we present an efficient approximation algorithm to
the optimal collar (i.e., best neck-cut) under certain (strong) conditions. This approximation
algorithm gives us reasonable bounds for the total time complexity required, while also
motivating the core heuristics used in the practical algorithm.

In Section 4, we present our practical algorithm. Our algorithm uses the salient points
to define paths that the neck-like cycle must cross. The algorithm elegantly reduces to a
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In the Search for Good Neck Cuts

sequence of shortest-path computations with little preprocessing and focus on filtering cycles
of interest.

Our practical algorithm is based on a few heuristics derived from the properties of
bottleneck curves, and thus can produce good bottleneck curves in surface meshes. We
discuss the performance of our algorithm and the viability of generating these curves in a
real-time setting. Unlike previous work, our algorithm avoids complex global computation or
iterative smoothing.

Numerous examples of the output of our algorithm are provided at https://neckcut.
space and discussed in Section 5.

2 Isoperimetry, bottleneck cuts, and salient points

2.1 Isoperimetry and bottlenecks

Isoperimetric problem on surfaces. The isoperimetric problem asks one to find a plane
figure of maximum area, with a specified boundary length. This problem dates back to
antiquity, but a formal solution was not provided until the 19th century. It is known [7] that
circles, and in higher dimensions balls, are the optimal shapes. Even in the plane, proving it
was quite a challenge. For a planar closed curve o, consider its isoperimetric ratio:

m (int (o))

2
ol

p(o) =

)

where int(o) is the interior region bounded by o, m(int(c)) is its area, and ||o|| is the length
of o. This ratio can be arbitrarily small (e.g., consider a wiggly shape that has a small area
but a long boundary). The isoperimetric inequality states that this ratio is maximized for
the disk, where it holds with equality. Namely, the isoperimetric inequality states that, for
any closed planar curve o, we have p(c) < 1=

On a finite genus-zero surface in 3D, it is natural to seek a closed curve that is as short as
possible and that splits the surface into two “large” parts. As a concrete example, consider
the natural cycle at the base of a human finger: it does not partition the human mesh into
approximately equal parts, yet it is intuitively a good neck-cut.

Tightness. To overcome this for a surface M (say of genus 0), we define a variant of the
isoperimetric ratio.

» Definition 3. For a surface M in R® of genus-zero, and a region 6 C M, the tightness
of G is the ratio

(6) = min(m({i),zm(g))7
|06 |

where 96 is the boundary of 6, m(6) is the area of 6, the complement of 6 is 6 = M\ 6,
and [|06|| denotes the length of 06. In particular, for a closed curve n that splits the surface
into two parts 6 and 6, its tightness is (n) = (6).

Here, the closed curve is 96, the patches generated by 96 are 6 and 6, and its tightness
is the isoperimetric ratio. It is thus natural to ask for the patch 6 C M with maximum
tightness.
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» Example 4. Consider the M to be a unit radius sphere in 3D. It is not
hard to see that the maximum tightness is realizable by 6 being the (say,
top) hemisphere of M, and 96 being the equator. In that case, m(6) = 2,
and (6) = 2r/(2m)% = ;L. Intuitively, closed curves are “interesting” as
far as being a neck-cut if their tightness is at least % (Compare this to
the disk in the plane, that has tightness ﬁ)

In general, proving that a specific patch & C M is the one realizing maximum tightness is

a challenging problem, as the long history of the isoperimetric inequality testifies [27, 9, 21].

A bottleneck curve on a surface should have the property that it is short, while enclosing a
large area on both sides (e.g., a neck of an hourglass). Thus, our proxy for finding a good

bottleneck curve is going to be computing curves on a given surface that have high tightness.

» Problem 5. Given a surface M, compute a region 6 with tightness (6) as large as possible.

» Definition 6. Let M be a surface of genus-zero, and let £ be a cycle on M. Let 6 be the
region bounded by & on M. The cycle £ is an a-bottleneck of M, if the tightness of 6 is at
least ce. The a-bottleneck with maximum o on M is the optimal bottleneck cut, or simply a
collar.

2.2 Well-behaved surfaces

To provide some intuition for the approach used in Section 4, we discuss a few properties of
a well-behaved surface.

Slow-expansion on the surface. We are interested in surfaces such that their measure (i.e.,
area/volume) does not expand too quickly. To this end, given a set o on M, its r-expansion
is the region

cdr={peM|dup,o) <r}, (1)
where d 4 is the geodesic distance along M.

» Definition 7. A model M is y-expanding, if for any curve o C M, and any r > 0, we
have that m(c @ r) < y(||o||r +1r?) and ||0(c @ )| < y(||o|| + 7). The minimum such v is
the expansion of M, denoted by ~*.

» Example 8. In the plane, Steiner inequality [18] implies that for any curve o we have
m(oc ®r) < 7r? +2r||o|| and ||0(c @ 7)| < 2]|o|| + 27r. Thus, the plane is 27-expanding.

» Definition 9. A simple cycle o is contractible if it can be homotoped to a single point.
Given a region R C M and a cycle o0 C R, the cycle is R-contractible if it can be contracted
to a point while staying inside R.

If M has genus-zero, any cycle ¢ on M is contractible; however ¢ may still fail to be
R-contractible — for example, if R is the result of taking M and creating one puncture on
each sides of o. Intuitively, tight cycles are not locally contractible — one has to go far to be
able to collapse them to a point.

» Definition 10. For R C M, and an R-contractible cycle 0 C R, let 6, C R be the portion
of M bounded by a closed curve o (the other portion of M bounded by o might contain
portions outside R). If R = M, let 6, denote the smaller-area patch (out of the two patches)
induced by o on M. The region R is a-well-behaved if for all R-contractible cycles o C R,
we have that m(6,) < o||o||*.

XX:5
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In the Search for Good Neck Cuts

» Remark 11. Consider a region R C M, where M is y-expanding, such that any R-
contractible cycle o in R, is ((¢ @ r) N R)-contractible, where 7 = v|o||. Then, the
~y-expansion implies that m(6,) < m(c @ r) < y(||o]|r + %) < 293 ||o||>. Namely, R is
2v3-well-behaved.

2.3 Salient points to a bottleneck

In the following, we assume the given surface M is triangulated, genus 0, and has a useful
collar (i.e., a-tight for a “large” «). In addition, we assume M is v-expanding, where 7 is
some small constant. Let ¢ denote this optimal a-bottleneck of M. The cycle ¢ breaks M
into two regions 6 and 6. Let s(o,6) be the point furthest away from ¢ in 6. Formally, we
define

s(o,6) = argmaxd(p, o) where dam(p,0) = minda(p, q).
pEL q€o

Such points are salient, and they are far from the bottleneck if the surface is well behaved.

» Lemma 12 (salient points are far). For s = s(o,6), we have that day(s,0) > |o|, if
a > 4y.

Proof. Let £ = ||o||. Since o is an a-bottleneck, we have that
m(6) > alo|”.

On the other hand, for r = da(s,0), we have & C o @ r. By the vy-expansion of M, we have
m(6) <m(o @ r) < y(|ollr+7r2).

Thus, we have a |l¢||* < y(||l¢| 7+ r2) < y(|l¢| /2 + )% This implies that

1
Dol <ol 2477 = = (y2=3) el

3 Approximating the optimal collar

3.1 Identifying the neck where the collar lies

Counsider the easy case where there is a good collar that is also stable: one can slide it up
and down the “neck” and the quality of the collar remains relatively the same, see Figure 1.

» Definition 13. Let x be a “long” shortest path on M with endpoints s and t. For every
point p € k, cut M along k and consider the shortest path O (p) from p to its copy on the
other side of the cut. The closed curve O (p) is a lasso if

Hofi(p)” < max<dM(p7 S)vd./\/l(p’ t))7

and is denoted by O, (p).

Intuitively, a lasso is a “short” closed curve connecting p to itself, which is shorter than
going from p to itself by going along the cut formed by k.
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Figure 1 Left: a long neck with a stable collar. Right: every lasso Ox(p) generated as p ranges
over the shortest path from the beak to the left foot.

Figure 2 A dumbbell object with the “neck” identified by red curves.

» Example 14. Let M be the surface of the following solid — connect two large disjoint balls
by a long, thin cylinder (i.e., a dumbbell) — see Figure 2. Consider the cylinder portion of
the surface — it forms a natural neck, and let R denote it. Any curve going around the neck
is not contractible on the neck, while any closed curve o that is contractible on the neck has
area O(||o||). That is, the neck is O(1)-well-behaved.

» Observation 15. Two lassos defined using the same base path k cannot cross each other.

Consider two lassos 7;, 7; induced by oiubts p;,p; € k. Suppose 7; crosses 7;. Because
7; and 7; are geodesic cycles, one could shorten 7; by using the portion of 7; crossed by 7;,
which is a contradiction. This holds for any two geodesic cycles using the same base path on
M, regardless if the lasso condition holds.

» Definition 16. Consider two lassos 71, T2 defined using a base path (which is a shortest
path) k. The neck N = N(71,72) is the region on the surface M lying between 11 and 7.
For a fixed 5 > 0, such a region is a f-neck if it is S-well-behaved.

» Lemma 17. Let s,t be two points on M, and let k be the shortest path connecting them.
Let 71,72 be two lassos defined by points on x, and let N = N (71, 72) be the induced a-neck.

XX:7
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T1

24 Figure 3 A path x that intersects ¥* and ¢ at p along a neck defined by 71 and 7. < only
x5 intersects ¥* at p without crossing.

s Furthermore, assume that the optimal collar 9% is contained in N, with tightness 8 > Sc.
20 Then, there exists a point p € Kk NN, such that its lasso ¢ = O(p) is B(1 — 47")-7§z'ght.

0 Proof. Let p be any point in kK NY* as the base point for the construction, and let ¢ = O, (p)
1 be the associated lasso.

25 Assume, for now, that the lasso ¢ only intersects ¥* at p (as in Figure 3). In that case, ¢
3 and 9% are homotopic, and let 6; be the area in between them. By the a-well-behavedness
2 of N, and since 96; is ¥* U (and is M -contractible), we have that

w o m(6) < a9+ ll)? < a9,

6 as |g]| < ||9*|| — indeed, ¥* is a candidate for the shortest path connecting p to itself “around”
7 K, but ¢ is the shortest one.
258 For a closed curve 7, let ., and 6, be the two parts of M bounded by 7. Observe that

250 B =min(m(6), m(6)) > min(m(6g+), m(Gy)) — m(6;).

B o min(m(6), m(6)) — m(6;)

20 The tightness of ¢ is thus (¢) = ek 191 > (97) — 4a.
S
T1
O.
Q |
261 Figure 4 A path « that intersects ¥* and ¢ at p along a neck defined by 71 and 72. ¢ crosses ¥*
262 multiple times, forming a series of contractible patches.
263 The slightly harder case is when ¢ and 9J* intersect at more than one point. In that

e case, the set ¢ U9* forms an arrangement (see Figure 4) — the “inner” region/face denoted
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by 6 and the outer face denoted by ;. So consider all the other faces fi,..., fx in this
arrangement. These faces are all contractible disks. Let ¢; be the boundary of the ith face,
for i =1,...,k. Observe that every edge e of ¢ or ¥* contributes at most 2 |le]| to the total
lengths of these face boundaries. Thus, we have Zle £ < 2(||s|l + [|[97]) < 2]|9*|| . Setting
6; = (69 \ 6c) U (6 \ By+) to be region that is the symmetric difference between 6. and
6., we have

k k k
M) <Y m(f) <Y o =ad B <a(36) <o,
t=1 t=1 t=1

t=1 =

The claim now follows from the argument above, and observing that (¢) > (9*) — 4a =

BL-%)- <

» Corollary 18. In the settings of Lemma 17, if the tightness 8 of the optimal collar on
an a-neck N is > 4a/e, for e € (0,1), then there is a lasso on N of tightness > (1 — ¢)f.
Namely, the lasso has tightness e-close to optimal.

3.2 The algorithm for computing the collar

Lemma 17 implies that if the optimal tightness is much bigger than the « (the well-behavedness
of the neck), then one can efficiently compute a collar with tightness close to optimal.
Significantly, such a lasso is efficiently computable.

We outline here the basic idea — our purpose is to present a polynomial-time approximation
algorithm. To this end, we guess the points s and ¢ of Lemma 17, and compute the shortest
path x between them. Next, we guess the two points, x, 2’ € k, defining the lassos bounding
the optimal collar 9*, and we compute these two lassos. We compute the region N bounded
in between 71 and 75, and verify that it indeed has the topology of a sleeve (for example, by
computing its Euler characteristic, and verifying that 7 and 75 cover all the boundary edges
of this patch). Now, compute the shortest path around the neck for each vertex v € k NN,
and explicitly determine its tightness. The maximum one found is the desired approximation.
If the model has size n, the running time of this algorithm is O(n®logn). This yields the
following theorem.

» Theorem 19. Let M be a triangulated surface in 3D with genus 0 and n vertices. Assume
the optimal collar 9* on M lies on an a-neck N that is induced by a shortest path k, and two
lassos 11,7 (see Lemma 17). Furthermore, the tightness (9*) > 8a. Then, one can compute,
in O(n®logn) time, a closed curve s such that () > (9*) — 4a > (9*)/2.

Proof. For every guess of s,t, z,2’, we can compute up to O(n) lassos on M, resulting in a
total runtime of O(n%logn). By Lemma 17, one of these lassos ¢ will be at least 3 — 4a-tight,
where 8 = (9%), thus (¢) > (9*) /2. <

» Remark 20. The above algorithm inspires our practical algorithm, which achieves sub-
quadratic running time (in practice) by avoiding the need to guess all pertinent information.
Thus, we had not spent energy on improving the running time of Theorem 19. In particular,
the stated running time should be taken as evidence that the optimal collar can be
approximated efficiently under certain conditions.

XX:9
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4 A practical algorithm

We present here a practical algorithm that utilizes a few heuristics to locate optimal bottleneck
curves while maintaining fast performance. This algorithm is an approximation and may not
find all optimal curves. We assume the input is a surface model of genus-zero. Theorem 19
suggests searching over every pair (s,t) to locate all possible necks. In practice, however, 3D
models will have distinct features, which will guide our choices for (s,t) pairs to search for
optimal lassos.

In the first stage, the algorithm locates salient points that lie on the tips of features. In
the second stage, the algorithm takes paths between salient points and searches for bottleneck
curves. We next describe these in detail. In Section 5, we discuss how this algorithm performs
on various real-world inputs.

4.1 Computing salient points

We aim to identify distant pairs of salient points from which to search for bottleneck curves.
These points typically correspond to the tips of features on a mesh (a spike, finger, or head),
but they do not necessarily lie on the convex hull. If our model has a good collar, Lemma 12
tells us that looking along the paths between these salient points will locate the collar.
Finding exact salient points described in Section 2.3 is expensive; we use a standard two-pass
shortest-path heuristic that locates good approximations of these points, though the result
is sensitive to the initial seed. Previous work has focused on identifying salient points and
utilizing them in mesh decomposition [36]. Other methods have also utilized salient points
and surface methods to perform mesh decomposition [13, 16, 24, 11]. We use shortest path
algorithms to locate these salient points, which act as reasonable estimates for the exact
salient points that would be used to find bottleneck cuts.

We emphasize that in the following, we treat the mesh as a graph, where each edge has
weight equal to the Euclidean distance between its endpoints.

4.1.0.1 Stage I: Salient point via approximate diameter.

The algorithm first computes a point on the mesh that is part of a 2-approximation of the
diameter of the mesh:
(I) The algorithm picks an arbitrary vertex s on the graph.

(IT) The algorithm computes the shortest-path tree Ty from s using Dijkstra. Let u be the
leaf with the maximum distance from s.

33¢(III) The algorithm computes the shortest-path tree T, from u, again using Dijkstra. Let v be
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the leaf with maximum distance from u. The pair (u,v) gives a 2-approximation to the
diameter of the mesh when distances are measured along edge-paths.

A vertex x is a salient point if it is a local maximum of its neighbors with respect to
distance to u (ties broken arbitrarily). That is,

Vyel(z)  du(u,y) <dm(u,z), (2)

where T'(x) is the neighborhood of x (i.e., set of all vertices adjacent to x). Because v is the
furthest point from u and M is connected, every neighbor of v has a strictly smaller distance
to u, thus v is itself a salient point.
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Figure 5 The salient points of a human mesh, with no filtering (left), » = 10 (middle), and r = 20
(right). The bottleneck curves are shown in the right mesh.

4.1.0.2 Stage ll: Collecting candidates for salient points.

Let C denote the set of candidate points. For every leaf x on Ty, we check all its neighbors
on the mesh and mark it as a salient point if it is a local maximum of the distance function
from u. That is, the algorithm checks if z complies with Eq. (2) and adds it to C.

4.1.0.3 Stage lll: Filtering the candidates.

Depending on mesh quality, further filtering of salient points may be necessary; noisy surfaces
can produce several local maxima close together. We eliminate any salient point that is
within a user-selected hop distance r of another salient point. To this end, the algorithm
performs an r-depth breadth-first search from each point of C', removing any point that is
not a local maximum within its r-hop neighborhood. In practice r is a small constant, which
sufficies to handle small perturbations. See Figure 5.

» Observation 21. For constant r, the algorithm above runs in O(nlogn) time, assuming
the maximum vertex degree in the mesh is bounded. Indeed, it involves running the Dijkstra
algorithm several times, and performing local BFS of depth at most r for each candidate
salient point.

4.2 Finding bottleneck curves
4.2.1 Generating candidate neck-cuts from a shortest path

Consider a shortest path k. The algorithm runs a shortest-path algorithm from some vertex
p € £k to itself, without crossing k (except at p itself). That is, the algorithm “cuts” the
surface along x, computing shortest paths “around” x from p to its copy on the other side of
. This path is a geodesic (with respect to k) cycle that includes p. This process generates a
sequence of cycles II, ordered along by their base vertex p. The task is to select cycles with
a local maximum tightness. Computing the tightness requires computing the area bounded

XX:11
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s by each cycle £ € II, and selecting local maxima within II. On genus-zero objects, we can
30 compute the area between every adjacent pair of cycles (i.e. &, &1 € II for each i), by doing
s BFS on the area in between the two curves, and then use prefix sums to compute the area
sn bounded by one cycle efficiently. Non-crossing is guaranteed by Observation 15. A cycle &
s whose tightness is a local maximum along its base path is reported as a candidate bottleneck.
373 Cycles near the endpoints of Kk may be of low quality. Likewise, cycles that bound a
s small amount of area, while also being short, can lead to other cycles that appear to be local
5 maxima among their neighbors. To that end, we refer to the calculation in Example 4, and
s filter out any cycle with a computed tightness less than i Cycles with very low tightness
s7 - are not representative of a large enough bounded area, and thus do not make good bottleneck
378  CUI'VeS.

w2 4.2.2 Computing a skeleton: A small set of shortest paths

s To apply the above procedure, we must supply it with a collection of shortest paths. A
s natural but naive approach is to take every pair of salient points in C' and compute the
32 shortest path between them. To reduce the number of paths, we compute a “cheap” skeleton
s of the salient points. A natural candidate for such a skeleton is the Steiner tree of the points
s of C on M, but unfortunately, computing the exact Steiner tree is NP-HARD. To avoid
s this, we use a heuristic to construct such a tree. The algorithm starts with the approximate
s diametrical pair (u,v) and connects them by their shortest path. The algorithm then adds
7 the remaining points to the constructed graph iteratively, connecting the ¢th salient point
s to its nearest neighbor on the tree constructed so far, adding this connecting path to the
s collection of shortest-paths computed; their union is the computed skeleton. We then use
s these paths with the above procedure to generate good neck-cuts.

s B Remark 22. The algorithm above offers only a O(log n) approximation [23]. A 2-approximation
52 can be obtained with slightly more care. Let C = {s1,...,s;}. In iteration 4, for
s ¢ =2,...,k— 1, the algorithm computes the closest point in C'\ C; to C; = {ec1,...,¢;} via
s a single run of Dijkstra; call this point ¢; 1. The algorithm then computes the shortest path
305 from c;41 to T;—1 (the tree after ¢ — 1 iterations) and adds it to form 7;. This algorithm can
s be viewed as running Prim’s algorithm on the induced complete graph over C' (where the
sr  weights are the shortest path distances between the corresponding points on the model). The
s constructed tree Ty is clearly no heavier than this MST, which in turn is a 2-approximation
3 to the optimal Steiner tree. The running time of this algorithm is O(knlogn). We have not
w0 implemented this exact variant, since it does not seem to matter in practice.

o 4.3 Running time analysis

w2 Computing the set of candidates takes O(nlogn) time (computing the shortest-path tree
w3 plus r-depth local filtering at each leaf). Let k = |C| and |K| be the number of vertices in the
w:  skeleton. Computing the skeleton itself takes O(knlogn) time. The bulk of our time results
ws from computing the cycles along the paths, which takes O(|K|nlogn) time. In practice, we
ws can expect the number of vertices in a shortest path to be O(y/n) [32], and k to be small
wr and indepedent of n [33] (see Table 2). Thus our skeleton size (as a collection of shortest
ws  paths) is |K| = O(y/n) empirically.

409 There are additional optimizations in practice that can be employed that would further
a0 speed up the cycle searching. Mainly, computing the cycles along each path is not reliant on
an  data from the other paths in K. With parallelism, each path can be computed independently,
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thus bounding the runtime based on the number of available cores and the longest path
within the skeleton.

5 Evaluation

We implemented our algorithm in C++, using the Polyscope & Geometry Central [30, 29]

libraries. These libraries provide a halfedge data structure, with standard traversal algorithms.

All timings were measured on a single thread of an Intel i7-14700K 3.4GHz CPU. We tested our

algorithm on Benchmark for 3D Mesh Segmentation Dataset [8], along with additional meshes.
All of our results from this dataset, along with the code, can be viewed on meshcuts.space.

We have selected a few to feature in this paper, as shown in Table 1. We measured the
runtime of all genus-zero models, as shown in Figure 6. We also used the code from [1] for
comparison, using a smoothing level of 20 as in the original paper. However, we were unable
to get the cycle extraction stage to work using the author-provided code, thus that stage is
excluded from the reported runtime, and we defer to their paper for additional figures.

Input | Description Faces
1 Public Domain: Human 1 | 48,918
2 MSB/Stanford: Armadillo | 50,542
3 MSB: Octopus 28,248
4 MSB: Ant 13,696
5 MSB: Horse 11,072
6 MSB: Hand 3,026
7 MSB: Human 2 11,258
8 Stanford: Bunny 69, 630

Table 1 Selected inputs from our testing. MSB models are from [8], Stanford models are from
[31].

Our implementation still has some optimizations yet to be implemented, as described
in Section 4.3. The timings described in Table 2 are single-threaded operations. We lazily
compute the bounded area in this implementation, only running the prefix-sum method per
path, rather than the entire skeleton at once. The results from these models can be seen in
Figure 7, Figure 8, and Figure 9.

When deciding which cycles to display, we chose cycles whose tightness is a local maximum
among a window of five cycles. From the discussion in Section 3, a neck is defined by two
lassos, with some optimal collar lying within the neck. In practice, we observe that several
cycles all reach a maximum tightness as a group, since these neck-like surfaces are usually
well-behaved. In dense meshes, such a small exclusion window would result in several cycles
with similar tightness reported together. Alternative implementations can choose to report
all or some of these cycles, but in either case, the same neck-like feature is identified.

Additionally, we choose not to perform any mesh or cycle smoothing. One could pass the
output cycles from our algorithm to a geodesic refiner like [28], but this technique performs
internal refinement of the mesh to produce smooth geodesics.

6 Conclusions

We introduced an isoperimetric formulation of neck-like features: the tightness of a cycle as

a local isoperimetric ratio on a mesh. Based on this definition, we presented two algorithms.
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Figure 6 Runtime of models from [8]. Runtime is plotted with blue dots. The number of
candidates is plotted with orange crosses.

The first is a polynomial-time approximation algorithm for the optimal collar on well-behaved
surfaces, which establishes that the problem is tractable under regularity assumptions. The
second is a practical heuristic that reduces the whole pipeline to a small number of shortest-
path computations on a skeleton of salient points, followed by per-path cycle enumeration
and tightness filtering. Empirically, the resulting algorithm runs in sub-quadratic time.
Our method has improvements over previous work [33, 22, 1], without the machinery those
approaches require.

We view the simplicity of the practical algorithm as its main strength: the only primitives
it needs are a halfedge mesh and a shortest path algorithm. This makes it straightforward to
integrate into existing pipelines, and easy to extend.

Limitations. The area-based tightness computation in the practical algorithm relies on BFS
between adjacent cycles and is currently formulated for genus-zero meshes; higher-genus
surfaces would require either handle decomposition or a different area accounting scheme.
We attempted our implementation on higher-genus surfaces, but the skeleton generation
algorithm described would have to be modified to output a skeleton which resembles the
object’s Reeb graph. However, computing the local patch around a candidate cycle on a
high-genus object gave valid tightness quantities and identified bottleneck cycles.

Future Work. We plan to explore using this algorithm as a step in other applications. One
possible direction is to use the bottleneck curves as the seed cycles for [34], rather than
user-defined cutting planes. Additionally, the embarrassingly parallel nature of the cycle
search makes this a good candidate for a real-time and dynamic implementation, as models
are morphed and deformed.
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Figure 9 Inputs 6, 7, 8

Runtime in ms
| Input | # || Salient | Cycles | Tightness | Total | FCNLF
1 21 182 | 4,252 398 | 4,833 | 176,420
2 22 185 | 5,428 413 | 6,026 | 137,937
3 12 89 | 1,352 129 | 1,570 58,669
4 11 43 578 57 678 22,669
5 9 35 516 37 588 | 21,880*
6 6 11 98 6 115 8,468
7 7 42 496 28 567 | 47,510*
8 9 226 | 8,151 230 | 8,607 | 292,390*

Table 2 Runtimes of the algorithm on selected inputs. Runtime is sensitive to the number of
discovered points, also reported. Here, r = 20 is used for salient-point filtering. Column # is the
number of salient points found. The Salient column is the time to discover the salient points and
connect them into a skeleton; the Cycles column is the time for discovering cycles along the skeleton;
the Tightness column is the time for area and tightness computation plus cycle filtering. FCNLF is
the runtime for [1], * indicates a crash during saddle point selection.
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